On a Problem of Koornwinder Wolfram Koepf koepf@zib.de Abstract:
In this note we solve a problem about the rational representability of hypergeometric terms which represent hypergeometric sums. This problem was proposed by Koornwinder in 4].
Hypergeometric Functions and Zeilberger's Algorithm
Zeilberger's algorithm ( 6] (k + 1 ) (k + 2 ) (k + q ) (k + 1) 2 Q(k; n) is a rational function in both n and k. As usual (a) k = a(a + 1) (a + k ? 1) denotes the Pochhammer symbol. We call the summand A k x k a hypergeometric term. The resulting recurrence equation has polynomial coe cients with respect to n. If it is of rst order, the sum has a rational term ratio with respect to n, and hence is itself a hypergeometric term.
In 4] Koornwider asked the question whether an application of Zeilberger's algorithm might generate a hypergeometric term whose upper and lower parameters are not rational assuming the parameters of the input summand are rational: Problem 6.1. If Zeilberger's algorithm succeeds, can S(n)=S(n?1) then always be factorized as a quotient of products of linear forms over Z in n and the parameters?
In this note, we will answer Koornwinder's question in the negative, by providing several counterexamples. Note that Koornwinder's question in principle is independent of Zeilberger's algorithm, and asks whether there are hypergeometric sums that can be represented by hypergeometric terms with nonrational parameters. None example of this type can be found in the literature, see in particular the rather extensive mathematical dictionary on hypergeometric function identities 5]. Nevertheless we will use Zeilberger's algorithm to nd our counterexamples.
In 1], we presented a Maple implementation for an extension of Zeilberger's algorithm, which is available through the sumtools package of Maple V.4 (or through the share library package summation). In this note we use a new implementation, developed in the book 2], which can be obtained from http://www.zib.de/koepf/code and http://www.zib.de/koepf/simpcomb, but the recurrence equation calculations can also be done with the sumtools package of Maple V. 4 ?( 8 n + 9 ) ( 8 n + 7 ) S( n + 1 ) + 4 S( n ) ( 4 n + 5 ) ( 4 n + 3 ) = 0 or by > sumrecursion((-1)^k*binomial(2*n,k)*binomial(2*n+k+1,k)/ > binomial(4*n+2*k+2,2*k)*(3+2*sqrt(2))^k,k,S(n));
?( 8 n + 9 ) ( 8 n + 7 ) S( n + 1 ) + 4 S( n ) ( 4 n + 5 ) ( 4 n + 3 ) = 0 : 
Hypergeometric Product Formulas
We have discovered our counterexamples in connection with the examination of product formulas.
As an example we consider Clausen's formula
Normally Clausen's formula is deduced by showing that both sides satisfy the same di erential equation (of third order) with respect to x. Having Zeilberger's algorithm at hand, there is a second possibility, though. Represent the left hand side as Cauchy product. This is a representation by a double sum. Find a recurrence equation for the inner sum with respect to the summation variable of the outer sum. If the resulting recurrence equation is of rst order, then it determines a hypergeometric term, the summand of the right hand sum. Hence the right hand sum constitutes a hypergeometric function whose parameters can be read o directly from the detected recurrence equation.
For the coe cient of x k of the Clausen product on the left hand side of (1), represented as Cauchy product, we get
This recurrence equation is valid for the coe cient of the outer sum, and hence this coe cient is given by
Hyperterm 2 b; 2 a; a + b ]; a + b + 1 2 ; 2 a + 2 b ; 1; k : This hypergeometric term is the coe cient of x k of the right hand sum of (1), which nishes the proof of (1). All the usual product theorems of hypergeometric series can be deduced by this method, see 2], Chapter 7. Note that the given procedure has the advantage over the di erential equation approach that it generates the right hand sides, given the left hand products. We will consider more examples soon where we detect such representations without prior knowledge. The calculations 
Obviously the rst one is the addition theorem of the exponential function, and the second one is Kummer's identity. The computations above deduced Equations (2) 
respectively. The calculation 
